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A model-independent analysis of collinear three-parton correlation functions for fragmentation is 
performed. By investigating their support properties it is shown, in particular, that the so-called 
partonic pole matrix elements vanish. This sheds new light on the understanding of transverse 
single spin asymmetries in various hard semi-inclusive reactions. Moreover, it gives additional 
strong evidence for the universality of transverse-momentum-dependent fragmentation functions. 
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/. Introduction and definitions. — QCD factorization 
theorems separate the cross section for a large number 
of hard processes into a perturbatively calculable part as 
well as nonperturbative correlation functions These 
correlation functions are parton distributions (PDFs), 
fragmentation functions (FFs), etc. [1, 0]. So far the 
main focus was on the leading (twist-2) two-parton cor- 
relators, and in the meantime an enormous amount of 
information about these objects has been obtained. 

However, there is a set of interesting phenomena 
which — in the typically used collinear picture with par- 
tons moving in the direction of their parent hadrons — 
cannot be described by means of twist-2 correlators. Per- 
haps the most intriguing observables among those are 
transverse single spin asymmetries (SSAs) for which ef- 
fects of up to 40 % were observed in hard hadronic reac- 
tions such as p^p — > irX and p^p — > irX at FermiLab 0,0] 
and more recently also at the Relativistic Heavy Ion Col- 
lider @, 0, H, @| . In a factorized QCD approach one can 
generate such asymmetries by using particular collinear 
twist-3 three-parton correlators. This idea was brought 
up in 1 1 Oil and worked out in more detail in 11 1 (see also 
Refs. ^ one °f the three partons becomes soft, 

one hits the pole of a particle propagator in the hard part 
of a process providing an imaginary part (a nontrivial 
phase) which, quite generally, can result in SSAs 1(J Hi • 
Therefore, multiparton correlators with one (or more) 
soft partons are called gluonic pole or fermionic pole ma- 
trix elements, depending on whether the soft parton is a 
gluon or a quark. 

Already a lot of work on different aspects of these par- 
tonic pole matrix elements (PPMEs) exists, which has 
considerably improved our understanding about such ob- 
jects and the physics underlying SSAs. So far the papers 
in the field of PPMEs were mostly dealing with corre- 
lators that describe the parton structure of the target 
(PPMEs for parton distributions). The knowledge about 
multiparton correlators for fragmentation, however, is 
still rather poor, and it is the aim of the present Let- 
ter to give new insights into these objects. 



Nonzero PPMEs for fragmentation would contribute 
to a large number of transverse SSAs. By using simple 
models for such three-parton matrix elements pioneering 
phenomenological studies on the processes p^p — > ttX, 
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eirX, and ep — > eA^X were car- 
Other work discussed PPMEs for 
fragmentation in connection with p^p — > 7T7tA, p^p — > 
jet7rA 1(| 17 1, as well as pp —* (A^jet)jetX with a A 



hyperon detected in a jet [l|| . Note that this already long 
list of semi-inclusive reactions, which might be related to 
PPMEs for fragmentation, is not yet complete. 

Despite the potential importance of PPMEs for frag- 
mentation it was, however, so far not even clear whether 
they exist. In fact, recent spectator model calculations 
imply (show) that these objects vanish [l|J [2(J [2]]] . In 
this Letter it is proven for the first time in a fully model- 
independent way that PPMEs for fragmentation vanish, 
which constitutes the main outcome of our work. To 
obtain this result we analyze the support properties of 
collinear twist-3 three-parton fragmentation correlators. 

Now in order to be more specific we consider essen- 
tially two kinds of correlators in fragmentation: the 
quark-gluon-quark (qgq) correlator as well as the gluon- 
gluon-gluon (ggg) correlator. The qgq correlator (see also 
Fig. []} is defined by 



^ J 2tt 2tt 

x J 

x^Tr[(0\gt a F- i (r, + )^+)\P ) X) 



x(P,A|^(0+)|0) , 



(1) 



where = (w°±w 3 )/\/2 and vt — (v 1 , v 2 ) are the light- 
cone components of a generic 4- vector v = (v , v , v 2 , v 3 ) 
and P~ in Eq. ([1]) is the (large) minus momentum of the 
hadron in the final state. In Fig.Q]the minus momenta of 
the three partons are given. The correlator in Eq. ([I]) is 
a matrix in Dirac space, and the trace is acting in color 
space. We make use of the light-cone gauge A~ — 0, in 
which Wilson lines between the field operators reduce to 
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FIG. 1: Kinematics of the qgq correlator in Eq. |T}. The 
wiggly line with the open circle indicates the component F~ l 
of the gluon field strength tensor. 



the unit matrix. Note that replacing the quark fields tp 
in Eq. (JT|) by the corresponding charge conjugated quark 
fields ip c defines the qgq correlator A^,. The ggg cor- 
relator containing three field strength tensors (see also 
Fig. [5]) is given by 

X J 

Xifabc (0|ffV(7 ? +)F- fc (C + )|P,X) 

x(P,X\F-*(0+)\0), (2) 

with f a b c denoting the (antisymmetric) structure con- 
stants of the SU(3) group. If in Eq. ^ the symmetric 
structure constants d a bc are used instead of the if a bc one 
obtains the additional, independent ggg correlator f^. 

We point out that the objects defined above form a 
complete set of collinear twist-3 three-parton correlators 
for fragmentation. Two other sets can be defined by 
either substituting the gluon field strength tensor F~ l 
at position rf~ with the covariant derivative D l T or by 
shifting it from the first to the second matrix element in 
Eqs. IJ) and |2]). These sets are, however, not indepen- 
dent of the one we are using. In the first case they are 
connected in analogy to Ref. [l5| while in the second case 
they are just the Hermitian conjugates of each other. 

In the following we will show that the correlators in 
Eqs. (JTJ) and vanish if the longitudinal (minus) mo- 
mentum of one of the two partons on the right-hand 
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FIG. 2: Kinematics of the ggg correlator in Eq. ([2]). The 
wiggly lines with the open circles indicate the different com- 
ponents of the gluon field strength tensor. 



side (rhs) of the cut in Figs. [T] and [2] vanishes. Pre- 
cisely these kinematical conditions are what defines the 
PPMEs. 

77. Support properties of three-parton correlators. — 
We outline our analysis for the case of the qgq correlator 
in Eq. ([1]). For this correlator we obtain by inserting a 
complete set of intermediate states \Y) and by using the 
translation properties of field operators 
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x(Y\tP(£+)\P,X) (P,X\$(0+)\0) 



X,Y 

x±Tr[(0\gt a F-'(0+)\Y) 

x(y|V(o+)|p,x) (p,x\^(o+)\o) 



(3) 



Here pi and qj denote the momenta of the particles in 
the intermediate states \X) and \Y), respectively. As 
all particles in the intermediate states are on-shell, their 
momenta have to satisfy p 2 — m 2 and p { \ > as well as 
qj = m 2 and q^ > 0, which leads to p~ > and q^ > 0. 



This means, however, that the 5 functions in Eq. 
give a nonzero contribution if 



> 1 and 



> 



only 



(4) 



The case - = -r is now of particular interest because 
it corresponds to a PPME. From Eq. ([3]) one finds that 
here the second 6 function only contributes if qj = for 

< 0. Combined with the 



all j, which leads to q 2 — —q 2 T 
on-shell condition q 2 = rev 2 > it immediately follows 
that all particles in the intermediate state |V) have to 
be massless and move only in the plus direction, i.e., 
qj = qjT = for all j, in order to obtain a nonvanishing 
contribution to the qgq correlator. In this case, however, 
the matrix clement 



M- i (q j ) = {Q\gt a F-\Q + )\Y) 



(5) 



vanishes. This matrix element is an antisymmetric 
Lorentz tensor, which can be expressed in terms of the 
Lorentz vectors it depends on — the momenta qj and 
the polarization vectors e(qj) of the massless particles in 
the intermediate state — multiplied by some scalar func- 
tions. One possible decomposition of the matrix element 
in Eq. ([5]) with general Lorentz indices is 

M^( Qj ) = ^[q^A mn ( qj )+ q ^e v (q n )B mn ( qj ) 
+ ^{q m )^(qn)C mn (q j ) - {[i <-> v} . (6) 
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However, for massless, on-shell particles moving in the 
plus direction the minus components of the polarization 
vectors e(qj) have to vanish because they correspond to 
some combination of the unphysical timelike and longi- 
tudinal polarization components. Therefore, none of the 
terms in Eq. can contribute to the matrix element 
M~ l in Eq. ([5]) as we have q~ — qjT — £~(<7j) = for all 
j. This means that finally the qgq correlator in Eq. (|3|) 
vanishes for -j = jj and we only get a nonzero contribu- 
tion if 



- > 1 and 



(7) 



On the other hand, if we permute the quark and the 
gluon held in the first matrix element in Eq. before 
we insert the complete set of intermediate states \ Y) into 
the qgq correlator, we find 



A Mi> -) = £f((i-i)P--EiP*- 

X,Y 



t a i>(0+)\Y) 



xlTr 
3 



x(Y\gF-'iO+)\P,X) (P,X|Vi(0+)|0) 



(8) 



In this case an analysis of the S functions analogous to 
the one for the 5 functions in Eq. ([3]) yields, that the qgq 
correlator only differs from zero if 



> 1 and ^ > . 



(9) 



Here p- = 0, which also corresponds to a PPME, can 
be excluded because the matrix element (0| t a ip(0 + ) \Y) 
vanishes if all particles in the intermediate state \Y) are 
massless. Therefore, from Eqs. (0 and ([9]) we conclude 
that the only nonzero contribution to the qgq correlator 
in Eq. ([1]) comes from 



< z < 1 and < 4 < 1 



(10) 



The same results also hold for the qgq correlator and the 
two ggg correlators. For the PPMEs this leads to the 
model-independent results 



0) 



\i,jk 
FJ/d 



(J. I) = r^ /d (i,o) = o. 



(ii) 

(12) 
(13) 



We repeat that the PPMEs for fragmentation, therefore, 
cannot be responsible for single spin asymmetries as they 
all vanish according to Eqs. fTT]) - (fT3")) . 

Note that the support properties of three-parton cor- 
relators on the distribution side can be found by a corre- 
sponding analysis. In that case, however, PPMEs do not 
vanish which agrees with the well-established existence of 



these objects. The key difference between both analyses 
is the absence of the vacuum state on the PDF side. 

777. Universality of transverse-momentum-dependent 
fragmentation functions. — The vanishing of gluonic pole 
matrix elements (GPMEs) for fragmentation is inti- 
mately connected with the universality of transverse- 
momentum-dependent two-parton fragmentation func- 
tions (TMD FFs) To illustrate the relation in 
more detail we consider the correlator 



X 



2ir (2tt) 2 



xW)\P,X) {P,X\$(0)\0) 



(14) 



which defines TMD FFs when appropriate traces in Dirac 
space are taken [iH 24 1 . At leading twist there exist 



eight FFs. (We restrict the explicit discussion here to 
the quark FFs, but our general conclusions apply to gluon 
FFs as well.) The TMD FFs depend both on the longitu- 
dinal momentum k~ = P~ / z and the transverse momen- 
tum kx (relative to the detected hadron) of the fragment- 
ing quark. The Wilson line W^l cannot be neglected in 
any gauge [HI, Etj ]. and its path W(0;£) is determined 



by the physical process under consideration [22j, [27 , 
More details about the precise definition of TMD corre- 
lators and, in particular, the choice of Wilson lines can 
be found in |3~J ] and references therein. 

The path dependence of the correlator in Eq. (fT4| im- 
plies a potential nonuniversality of TMD FFs. For in- 
stance, in semi-inclusive deep inelastic scattering (DIS) 
one has, a priori, past-pointing Wilson lines, while they 
are future pointing in e + e~ annihilation. In Ref. [201 ] 
it was argued, however, that factorization can be estab- 
lished such that TMD FFs have the same Wilson lines 
in both processes. But the analysis in made use of 
a spectator model and was not carried out to arbitrary 
order in perturbation theory. As a consequence, in the 
community doubts remained concerning the generality of 
this result. 

In the following we consider fcr moments of the corre- 
lator in Eq. (fT4|) . We define the zeroth moment by 



a?k T m{\,k T ). 



(15) 



In this case the kr integration eliminates all the path 
dependence implying, in particular, that the three lead- 
ing twist collinear FFs 
in Eq. (|15p . are universal 



23l . |24| |. which are given by A 



For the more interesting case 
of the first kx moment of the correlator in Eq. (fT4f one 

finds in m 



d 2 k T k T ^ u \^,k T ) 



AUD + CPn^a I). 



(16) 
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Here is the universal part, while the second term on 
the rhs in Eq. (|16[) contains all the potential nonuniversal 
behavior of the correlator. The latter is given by a GPME 
multiplied with the calculable and path-dependent so- 
called gluonic pole factor cf^. According to Eq. (fTTj) 
the GPME vanishes, and, therefore, we conclude that 
the first moment of the TMD correlator in Eq. (fT4")) is 
universal as well. This leads to universal second k? mo- 
ments of four specific leading twist TMD FFs, where 
currently the Collins FF represents the most important 
one. This universality is a prerequisite for a combined 
analysis of transverse-momentum-dependent data from 
semi-inclusive DIS and e + e~ annihilation [32L l33j|. and, 
in particular, for the first extraction of the transversity 
distribution of the nucleon [33| . 

We repeat that universality of TMD FFs was already 
obtained previously in low order spectator model calcula- 
tions [lii, l20l. [33| . However, so far no model-independent 
proof has been given. Therefore, our result, even though 
the present analysis is restricted to certain fcx moments 
of FFs, provides the first strong model- independent sup- 
port for the universality of TMD FFs. 

IV. Conclusions. — We have proved in a model- 
independent way that the so-called partonic pole ma- 
trix elements for fragmentation vanish. Therefore, in 
contrast to conjectures in the literature, transverse sin- 
gle spin asymmetries in hard semi-inclusive reactions are 
not related to such objects. Our finding does not mean 
that single spin asymmetries, in general, cannot be con- 
nected to collinear fragmentation correlators. This topic 
requires further investigation. 

The vanishing of the partonic pole matrix elements 
also implies that certain kx moments of transverse- 
momentum-dependent fragmentation functions are uni- 
versal. This result confirms earlier studies, and repre- 
sents the first fully general and model-independent proof 
of this kind. Hence, we now have additional strong 
evidence for the universality of transverse-momentum- 
dependent fragmentation functions. For the future one 
might hope that higher kx moments of fragmentation 
functions can be analyzed along the lines presented in 
this Letter. 
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